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Abstract:We present the asymptotic analysis of 3D conformal gravity as a SO(3,2)
Chern-Simons gauge theory with Minkowskian (flat) and AdS boundary conditions.
We further extend these boundary conditions to the case where the Weyl mode and
the partial massless mode are allowed to fluctuate. The latter leads to loosing one
copy of the Virasoro algebra and the former to a uˆ(1)k current extension of the
asymptotic symmetry algebra and shifting the Virasoro central charge by one. We
also give a pedagogical canonical and asymptotic analysis of 3D pure gravity as an
ISO(2,1) Chern-Simons gauge theory with flat boundary conditions.
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1. Introduction
The Chern-Simons (CS) action in three dimensions has attracted much attention
from different angles, as a pure topological 3D gauge theory [1] or as a pure 3D gravity
theory [2]. The observation of Achu´carro and Townsend in [3] and Witten in [4] that
general relativity in three dimensions with and without cosmological constant is
equivalent to a Chern-Simons gauge theory with a proper gauge group, made these
two view points even closer. Attentions to three dimensional gravity which is empty
in terms of local degrees of freedom were boosted by the discovery of boundary
degrees of freedom [5] and topological degrees of freedom namely BTZ black holes
[6, 7]. Microstates of these locally-AdS black holes were holographically counted
by Strominger in [8]. The very origin of these microstates however, needs a full
holographic description which is still missing [9–11].
One approach is to modify the bulk theory by adding more gauge symmetries
which would lead to new boundary states. In this respect, the Chern-Simons for-
mulation of the bulk gravity theory is very much privileged as it holds the action
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in the bulk still topological. First steps in this regard were made by Horne and
Witten [12] by studying conformal gravity and Blencowe by studying higher spin
gravity [13]. However the asymptotic symmetry analysis a` la Brown-Henneaux of
these extensions – with AdS boundary conditions – were not surveyed until very
recently in [14, 15] and [16, 17] respectively. Holographic principle is however not
restricted to only AdS boundary conditions but extends to non-AdS ones [18], most
importantly Minkowskian (flat) boundary conditions seems very suggestive.
In this paper we will present the asymptotic symmetry analysis of three di-
mensional pure gravity (without cosmological constant) and conformal gravity in
Chern-Simons formulation by introducing suitable flat boundary conditions. For
generalization of this analysis to the higher spin case see [19]. We also discuss the
AdS boundary conditions in the absence and presence of the partial massless mode.
This paper is organized as follows. In section 2 we review some general features
of CS theories including its canonical analysis. In section 3 we review the CS formu-
lation of 3D pure gravity and propose a consistent set of flat boundary conditions.
We then construct boundary charges and derive the asymptotic symmetry algebra
(ASA). In section 4 we do the same analysis for 3D conformal gravity with two
consistent sets of boundary conditions, namely AdS and flat and find the ASA and
discuss its representation. In section 5 we summarize our results.
2. Chern-Simons gauge theory
In this section, for sake of self-containment and fixing the notation, we review some
known features of CS theory on a spacetime with boundary. For an early reference
see [20].
We start with the following Chern-Simons action on a manifold with the topology
M = Σ× R, and assume that ∂Σ = S1,
ICS =
k
4π
∫
M
〈
A ∧ dA+ 2
3
A ∧A ∧ A〉 , (2.1)
where A’s are Lie algebra-valued 1-forms, A = Aµdx
µ, with the curvature two form,
F = dA+A ∧A. Thus if we choose a basis of the Lie algebra, and write A = AaTa,
then 〈Ta , Tb〉 = gab, plays the role of a non-degenerate invariant bilinear form on the
Lie algebra. We can write (2.1) in components as,
ICS =
k
4π
∫
M
d3x ǫµνλgab
(
Aaµ∂νA
b
λ +
1
3
facdA
c
µA
d
νA
b
λ
)
, (2.2)
where fabc are structure constants of the underlying Lie algebra.
2.1 Field equations and gauge symmetries
In order to have a well-defined variational principle we should impose boundary
conditions such that the variation of the action under generic variations of fields
– 2 –
becomes zero on-shell. Varying the total action (2.1) for an arbitrary deformation in
the phase space we have,
δI|F=0 = − k
4π
∫
∂M
〈A ∧ δA〉 . (2.3)
In order to have a well defined variational principle we should have this boundary
contribution zero, this restricts our boundary conditions. Adding additional bound-
ary terms will surely change the variational principle [18, 21].
Let us check the gauge invariance of Chern-Simons theory (off-shell) under a
general gauge transformation, A→ g−1(A + d)g. For any infinitesimal gauge trans-
formation connected to identity g ≃ 1 + εaTa, the gauge field transforms;
δεA
a
µ = ∂µε
a + fabcA
b
µε
c , (2.4)
and so does the action,
δεI = − k
4π
∫
∂M
〈A ∧ dε〉 . (2.5)
The theory does not remain invariant under (2.4), in fact its gauge invariance depends
on our choice of boundary conditions and sets of transformations we use.
2.2 Gauge generators and boundary charges
Using the 2 + 1 decomposition, the Lagrangian density reads [22],
LCS = k
4π
ǫijgab
(
A˙aiA
b
j + A
a
0F
b
ij + ∂j(A
a
iA
b
0)
)
. (2.6)
Introducing the canonical momenta πa
µ ≡ ∂L/∂A˙aµ corresponding to the canonical
variables Aaµ, we find primary constraints,
φa
0 := πa
0 ≈ 0 , φai := πai − k
4π
ǫijgabA
b
j ≈ 0 , (2.7)
and the canonical Hamiltonian density is,
H = πaµA˙aµ − L = − k
4π
ǫijgab
(
Aa0F
b
ij + ∂j(A
a
iA
b
0)
)
. (2.8)
The total Hamiltonian is then given as HT = H + uaµφaµ, where uaµ are some
arbitrary multipliers and φa
µ are primary constraints. Conservation of these primary
constraints, φ˙a
µ = {φaµ, HT} ≈ 0, leads to the following secondary constraint1,
Ka ≡ − k
4π
ǫijgabF
b
ij ≈ 0 , (2.10)
1The Poisson bracket has its canonical form,
{Aaµ(x), pibν(y)} = δab δνµ δ2(x − y) . (2.9)
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Defining K¯a = Ka − Diφai and forming the Poisson brackets between these con-
straints, it turns out that φa
0 and K¯a are first class which means they have weakly
vanishing Poisson brackets with all constraints in the theory and φa
i are second class
constraints. First-class property is preserved under Poisson brackets, consequently
they can generate gauge transformations.
The algorithm how to construct these canonical generators out of first class
constraints are due to Castellani [23]. In our case the canonical generator is,
G[ε] =
∫
Σ
d2x
(D0εaπa0 + εaK¯a) . (2.11)
It is easy to show that the following gauge transformations are generated on the
phase space by the Poisson bracket operation δε• = {•, G[ε]} as expected,
δAaµ = Dµε
a , δφa
µ = −fabcεbφcµ . (2.12)
The generator G[ε] is not yet functionally differentiable which means its variation in
the field space is not only proportional to the variation of the field but also to the
variation of its derivative,
δG[ε] = regular− k
2π
∫
Σ
d2x εij ∂i〈 ε , δAj〉 . (2.13)
The first term is the bulk variation of the generator. In the second term which
is a boundary term we have strongly imposed the second class constraint φa
i. This
boundary term spoils functional differentiability of our generator. In order to fix this,
one adds a suitable boundary term δQ to the variation of the canonical generator
such that this additional boundary term cancels out;
δG˜[ε] = δG[ε] + δQ[ε] , (2.14)
with
δQ[ε] =
k
2π
∮
∂Σ
dϕ 〈ε , δAϕ〉 . (2.15)
If the gauge transformation parameter ε is field independent this expression is also
integrable and we can easily obtain the charge. However if the gauge transformation
parameter is state dependent integrability is not guaranteed.
In the special case – in which we are interested – where the gauge transformation
parameter depends linearly on fields and not on their derivatives, εa = Aaµξ
µ and
τa = Aaµη
µ, gauge transformations generate diffeomorphisms on-shell [4],
δξA
a
µ = {Aaµ, G[ξ]} = LξAµ + ξνF aµν , (2.16)
where
LξAµ = ∂µξ · A+ ξ · ∂Aµ . (2.17)
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These generators satisfy the following Poisson algebra on-shell,
{G˜[ξ], G˜[η]} = G[ζ ] + 1
2
(δηQ[ξ]− δξQ[η]) . (2.18)
where ζ = [ξ, η] = ξ. ∂η − η. ∂ξ and the varied charges on the right hand side are
computed via (2.16).
3. Chern-Simons formulation of pure gravity
The first order action of pure gravity (without cosmological constant) in three di-
mensions can be written as,
S =
k
4π
∫
M
〈e ∧ (dω + ω ∧ ω)〉
L
, (3.1)
where 〈 , 〉
L
is the invariant bilinear form of SO(2,1):
〈Ja, Jb〉L = ηab , (3.2)
and e and ω are the three dimensional SO(2,1)-valued one-forms denoted as the
vielbein (dreibein) and the spin connection,
e = (eaµdx
µ)Ja and ω = (ω
a
µdx
µ)Ja with Ja ∈ SO(2,1) . (3.3)
This action can be written as a Chern-Simons gauge theory with ISO(2,1) gauge
group.2 We start with the following algebra,
[Ja, Jb] = ǫabcJ
c, [Ja, Pb] = ǫabcP
c, [Pa, Pb] = 0 . (3.4)
This algebra allows for the following non-degenerate, invariant bilinear form:
〈Ja, Pb〉P = 12ηab , (3.5)
where ηab = (−,+,+) and ǫ012 = 1. Changing the basis as,
L−1 = J0 − J1, L0 = J2, L1 = J0 + J1 ,
M−1 = P0 − P1, M0 = P2, M1 = P0 + P1 , (3.6)
we have,
[Lm, Ln] = (m− n)Lm+n , [Lm,Mn] = (m− n)Mm+n , (3.7)
where m,n are 0,±1. The bilinear form (3.2) in this basis is,
〈Lm,Mn〉P = 12ηmn =


0 0 −1
0 1/2 0
−1 0 0

 . (3.8)
We can now write the Chern-Simons action for this algebra, where the gauge field
as a Lie algebra valued one form is
A = eaPa + ω
aJa = A
n
MMn + A
n
LLn . (3.9)
2For an early work on this gauge group as a WZNW model see [24].
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3.1 Flat boundary conditions and charges
In order to study flat space holography we work directly in the flat spacetime and
consider the null infinity I +, as the asymptotic boundary. One could alternatively
start with AdS results, take the limit of infinite radius in a proper way and obtain
the flat results [25, 26].
We propose the following boundary conditions on the gauge field which is con-
sistent with the variational principle and equations of motion (F = 0),
A1L = dϕ A
1
M = du
A0L = 0 A
0
M = r dϕ
A−1L = −14M dϕ A−1M = −14M du+ 12 dr − 12N dϕ ,
(3.10)
where N = L+ u
2
M′. The arbitrarily free functionsM(ϕ) and L(ϕ) encode physical
properties of different states in the theory. The spacetime coordinates u, r and ϕ
range over the intervals (−∞,+∞), (0,+∞) and (0, 2π) respectively. The corre-
sponding spacetime metric takes the following form,
ds2 = −(e0)2 + (e1)2 + (e2)2 = 〈AM , AM〉L
= Mdu2 − 2dudr + 2N dudϕ+ r2dϕ2 , (3.11)
which is the leading contribution to the boundary conditions being used in the met-
ric formalism [25, 27]. Minkowski background in Eddington–Finkelstein coordinate
corresponds to M = −1 and N = 0. In these coordinates u plays the role of the
light-like time at I +.
Defining the parameters of translation and Lorentz transformation as, ρa and τa
respectively, we can introduce a general gauge parameter w.r.t. the gauge group as
ε = ρaPa + τ
aJa = ǫ
n
MMn + ǫ
n
LLn. Then, the boundary-condition preserving gauge
transformations (BCPGTs) of (3.10) are,
ǫ1L = ǫ ǫ
1
M = 2τ
ǫ0L = −ǫ′ ǫ0M = rǫ− 2τ ′
ǫ−1L =
1
2
ǫ′′ − 1
4
Mǫ ǫ−1M = −12rǫ′ + τ ′′ − 12Mτ − 12ǫN ,
(3.12)
where τ = σ+ u
2
ǫ′, with σ(ϕ) and ǫ(ϕ) being two arbitrary parameters. We can read
variations of the state dependent functions in (3.10) with respect to these parameters,
δǫL = ǫL′ + 2ǫ′L ,
δǫM = ǫM′ + 2ǫ′M− 2ǫ′′′ ,
δσL = σM′ + 2σ′M− 2σ′′′ . (3.13)
The varied boundary charge (2.15) in this case is,
δQ[ε] =
k
2π
∫
dϕ 〈 ε, δAϕ〉P =
k
4π
∫
dϕ (ρaδωaϕ + τ
aδeaϕ) . (3.14)
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Putting (3.10) and (3.12) into (3.14) we can integrate and read the corresponding
charge,
Q =
k
4π
∫
dϕ [ǫ(ϕ)L(ϕ) + σ(ϕ)M(ϕ)] . (3.15)
We can identify the vector fields in (2.18) from the relation ǫa = Aaµξ
µ, as ξµ =
(2τ, ǫ,−rǫ′). Writing them in terms of Fourier modes of parameters,
ξn(ǫ) = ξ(ǫ = e
inϕ, σ = 0) and ξn(σ) = ξ(σ = e
inϕ, ǫ = 0) , (3.16)
we can simply compute their nonzero Lie brackets,
[ξn(ǫ), ξm(ǫ)] = i(m− n)ξm+n(ǫ) and [ξn(ǫ), ξm(σ)] = i(m− n)ξm+n(σ) .
(3.17)
Using the identity (2.18) with variations on fields given in (3.13) we find,
1
2
(δmQn[ǫ]− δnQm[ǫ]) = i(m− n)Qm+n[ǫ]
1
2
(δmQn[ǫ]− δnQm[σ]) = i(m− n)Qm+n[σ]− i k n3δm+n,0 , (3.18)
and the Poisson bracket between these generators (2.18) is found to be,
i{G˜n(ǫ), G˜m(ǫ)} = (n−m) G˜n+m(ǫ) ,
i{G˜n(ǫ), G˜m(σ)} = (n−m) G˜n+m(σ) + k n3 δn+m,0 . (3.19)
If we use the notation Ln := G˜n(ǫ) and Mn := G˜n(σ) and convert the Poisson
brackets into quantum commutators by the prescription i{q, p} = [qˆ, pˆ] – and drop
the hat for simplicity, the non-zero commutators form a centrally extended BMS
algebra in three dimensions (BMS3),
[Ln, Lm] = (n−m)Ln+m + cL
12
(n3 − n) δn+m,0 ,
[Ln, Mm] = (n−m)Mn+m + cM
12
(n3 − n) δn+m,0 . (3.20)
In this case cL = 0 and cM = 12k and we have shifted the zero mode as,M0 →M0+ k2 .
This result for the ASA and its central charges, being found in CS formulation here,
is in agreement with the result of [25, 27] in metric formalism.
4. Chern-Simons formulation of conformal gravity
The first order formulation of conformal gravity in three dimensions can be written
in terms of three canonical variables,
S =
k
4π
∫
M
〈ω ∧ (dω + 2
3
ω ∧ ω)− 2λ ∧ T 〉
L
, (4.1)
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where again 〈 , 〉
L
is the same as before and λ is a three dimensional SO(2,1)-valued
one-form playing the role of a Lagrange multiplier to ensure the torsion constraint,
T = de+ e ∧ ω = 0, such that in the end all quantities depend only on the dreibein.
Horne and Witten first wrote the Chern-Simons formulation of this theory based on
SO(3,2) gauge group [12] with the following algebra,
[Pa, Jb] = ǫabcP
c, [Ja, Jb] = ǫabcJ
c, [Ka, Jb] = ǫabcK
c,
[Pa, D] = Pa, [Pa, Kb] = −ǫabcJc + ηabD, [Ka, D] = −Ka , (4.2)
with Pa, Ja, Ka and D being generators of translation, Lorentz transformation,
special conformal transformations and dilatation, respectively. The corresponding
invariant bilinear form which is equivalent to the Killing form in this case is,
〈Ja, Jb〉C = ηab, 〈Pa, Kb〉C = −ηab, 〈D,D〉C = 1 . (4.3)
where the subscript C stands for the conformal group. The gauge field as a Lie
algebra-valued one form can be represented as,
Aµdx
µ = (eaµPa + ω
a
µJa + λ
a
µKa + φµD) dx
µ . (4.4)
Rewriting the Chern-Simons action (2.1) in terms of these variables by using (4.3)
we find,
I = − k
4π
∫
M
〈2e ∧ dλ− ω ∧ (dω + 2
3
ω ∧ ω)− φ ∧ dφ+ 2e ∧ (φ ∧ λ+ ω ∧ λ)〉L ,
(4.5)
which is gauge equivalent to (4.1) (up to a boundary term). Indeed, below we will
show that this corresponds to a gauge choice and φ is a Stue¨ckelberg field under the
special conformal transformation (SCT).
A general Lie algebra-valued generator of gauge transformations in this case, can
be written as,
ε = ρaPa + τ
aJa + σ
aKa + γD. (4.6)
We may separate the state dependent and independent part of the gauge parameter
as,
ρa = eaµξ
µ + ta
σa = λaµξ
µ + sa
τa = ωaµξ
µ + θa
γ = φµξ
µ + Ω ,
(4.7)
where ta is just a global translation and can be absorbed in ξ, so we can put ta = 0.
The resulting on-shell gauge transformations are as follows,
δεe
a
µ = δξe
a
µ + ǫ
a
bce
b
µθ
c + Ωeaµ , (4.8)
δεω
a
µ = δξω
a
µ +Dµθa − ǫabcebµsc , (4.9)
δελ
a
µ = δξλ
a
µ +Dµsa + ǫabcλbµθc − Ωλaµ + φµsa , (4.10)
δεφµ = δξφµ + ∂µΩ + ηabe
a
µs
b . (4.11)
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The last identity shows that the gauge choice φµ = 0 is accessible provided that,
sa = −eaν∂νΩ . (4.12)
This gauge choice needs the invertibility of the vielbein and because (4.8) is unaffected
by the gauge transformation (4.12), it remains invertible [12].
In the following we consider (4.5) in which the field φ and the gauge transfor-
mations associated to SCT are present, and base our analysis of conformal gravity
on that.
4.1 AdS boundary conditions and charges
The fact that SO(3,2) contains SO(2,2) as a subgroup, suggests that we can study
AdS boundary conditions in this setup. We should emphasize though, that the
Chern-Simons theory obtained from the SO(2,2) subgroup of SO(3,2) is parity–odd.
Although it is equivalent to the normal parity–even pure gravity with negative cos-
mological constant at the level of equations of motion, it is not equivalent to it
at the level of action, but to its “exotic” parity–odd partner [3, 4, 28]. The nor-
mal one is a SL(2, 1)k ⊕ SL(2, 1)−k Chern-Simons theory while the exotic one is a
SL(2,1)k ⊕ SL(2,1)k theory. This is because the bilinear form of the exotic theory is
induced from SO(3,2) Cartan-Killing form (4.3).
In the following we propose the AdS boundary conditions on the gauge field
which is equivalent to those boundary conditions used in [15] in metric formulation
in the absence of partial massless mode – for the case where this mode is turned on
see subsection 4.2,
e0 = −ℓef [eρdt+ e−ρ (T1dt− T2dϕ)] ,
e1 = −ℓef [eρdϕ− e−ρ (T1dϕ− T2dt)] ,
e2 = −ℓefdρ ,
λa = −1/2ℓ−2e−2fea ,
ω0 = eρ dϕ+ e−ρ (T1 dϕ− T2 dt) ,
ω1 = eρ dt− e−ρ (T1 dt− T2 dϕ) ,
ω2 = 0 ,
φ = df ,
(4.13)
where T1(t, ϕ), T2(t, ϕ) and the Weyl factor, f(t, ϕ), are some state dependent func-
tions which are allowed to vary and specify our boundary conditions. We have
introduced AdS radius ℓ as an emergent length scale in (4.13). In the asymptotic
analysis we note that,
δAµdx
µ = δ(ℓef A¯µdx
µ) = ℓef
(
δf A¯µ + δA¯µ
)
dxµ . (4.14)
The connection (4.4) with (4.13) boundary conditions only satisfies flatness condition
(F = 0) when,
∂tT2 + ∂ϕT1 = 0, ∂ϕT2 + ∂tT1 = 0 . (4.15)
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which can be fulfilled if T2 =
1
2
(L(x+)− L¯(x−)) and T1 = −12 (L(x+) + L¯(x−)).
The corresponding spacetime metric takes the form,
ds2 = −(e0)2 + (e1)2 + (e2)2
= ℓ2e2f
[
dρ2 − (e2ρ + L(x+)L¯(x−)e−2ρ) dx+dx− + (L(x+)dx+2 + L¯(x−)dx−2)] ,
(4.16)
where x± = t
ℓ
±ϕ. BCPGTs are obtained in terms of the arbitrary functions, a1(t, ϕ),
a2(t, ϕ) and Ω(t, ϕ) which parameterize these transformations,
ρ0 = ℓef
(
a2e
ρ + a4e
−ρ) ,
ρ1 = ℓef
(
a1e
ρ + a3e
−ρ) ,
ρ2 = −ℓef∂ϕa2 ,
σa = −1/2ℓ−2e−2fρa ,
τ 0 = −a1eρ + a3e−ρ ,
τ 1 = −a2eρ + a4e−ρ ,
τ 2 = ∂ϕa2 ,
γ = Ω .
(4.17)
Here a3 = T2a2 − T1a1 − 12∂2ϕa1 and a4 = T1a2 − T2a1 + 12∂2ϕa2. The functions a1 and
a2 should satisfy,
∂ta2 − ∂ϕa1 = 0, ∂ta1 − ∂ϕa2 = 0 , (4.18)
which means a2 = −12 (ǫ(x+) + ǫ¯(x−)) and a1 = −12 (ǫ(x+)− ǫ¯(x−)). Consistency of
the variational principle (2.3) in the case where δf 6= 0, gives the following condition,
∂ϕf ∂tδf − ∂tf ∂ϕδf = 0 . (4.19)
The following relation between the Weyl factor and the corresponding Weyl trans-
formation is then dictated by the gauge invariance (2.5),
∂ϕf∂tΩ− ∂tf∂ϕΩ = 0 , (4.20)
which is exactly the same relation in [15] that guarantees the conservation of the
Weyl charge. We satisfy these conditions by assuming,
f(t, ϕ) = f(x+) and Ω(t, ϕ) = Ω(x+) . (4.21)
We can read different variations,
δǫL = ǫL′ + 2ǫ′L − 1
2
ǫ′′′ ,
δǫ¯L¯ = ǫ¯L¯′ + 2ǫ¯′L¯ − 1
2
ǫ¯′′′ ,
δΩf = Ω . (4.22)
The varied boundary charge (2.15) for this theory is obtained by inserting (4.4)
and (4.6),
δQ[ε] =
k
2π
∫
dϕ 〈 ε, δAϕ〉C
= − k
2π
∫
dϕ 〈ρδλϕ − τδωϕ + σδeϕ − γδφ〉L . (4.23)
– 10 –
At this stage we can show how this formula for the charge leads to the correct result
in [15]. Using the gauge choice φµ = 0 and plugging (4.7) and (4.12) into the charge
(4.23) we find,
δQP [ξ
µ] =
k
2π
∫
dϕ [ξµ (−eaµδλaϕ + ωaµδωaϕ − λaµδeaϕ) + θaδωaϕ]
δQW [Ω] =
k
2π
∫
dϕ (eaν∂νΩ) δeaϕ (4.24)
which matches precisely to the formula of charges obtained in [15] upon a proper
identification.
Plugging boundary conditions (4.13) and their BCPGTs (4.17) into (4.23) leads
to,
Q =
k
2π
∫
dϕ [ǫ(x+)L(x+)− ǫ¯(x−)L¯(x−) + Ω(x+)∂ϕf(x+)] (4.25)
After identifying ξ and η in (2.18) from (4.13) and (4.17) and defining generators
of these gauge transformations as,
Ln = G˜[ǫ = e
inx+ ], L¯n = G˜[ǫ¯ = e
inx−] and Jn = G˜[Ω = e
inx+ ] , (4.26)
we can compute the Poisson bracket (2.18). As usual, we convert Poisson brackets
into commutators by the prescription i{q, p} = [qˆ, pˆ] – and drop the hat for sim-
plicity. The resulting algebra is Vir ⊕ Vir ⊕ uˆ(1)k with c = −c¯ = 6 k. We can now
Sugawara-shift the quantum L generator according to,
Lm → Lm + 1
2k
N(JJ)m, N(JJ)m =
∑
n∈Z
: JnJm−n : . (4.27)
The non-zero commutators are,
[Ln, Lm] = (n−m)Ln+m + c+ 1
12
(n3 − n) δn+m,0 ,
[L¯n, L¯m] = (n−m) L¯n+m + c¯
12
(n3 − n) δn+m,0 ,
[Ln, Jm] = −mJn+m ,
[Jn, Jm] = k n δn+m,0 , (4.28)
which shows a quantum shift by one in the central charge of one copy of Virasoro
algebra. This is due to the normal ordering of J ’s introduced in (4.27). There are
potentially two interesting points in values of these central terms; the one corre-
sponding to k = −1
6
which leads to a chiral half of Virasoro algebra with c¯ = −1 (the
sign can be flipped by L¯n → −L¯−n) and the one corresponding to k = − 112 which
leads to two copies of Virasoro algebra with the same central charge, c + 1 = c¯ = 1
2
.
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4.2 Partial massless modes in AdS
The massless graviton modes L(x+), L¯(x−) and the Weyl mode f(x+) are not the
only modes appearing in conformal gravity on AdS. We can further turn on partial
massless (PM) modes [15, 29–31]. The spin-2 PM field has one fewer degrees of
freedom than the generic massive one. The massive graviton in three dimensions has
two degrees of freedom, however in our context because of parity-odd nature of 3D
conformal theory this is already reduced to one. So all physical degrees of freedom
of the PM mode remain at the boundary.
For simplicity in the following we put f = 0 and ℓ = 1, this does not reduce the
generality of our analysis and we can recover it in the end. If we define the following
PM one forms,
p0 = P2dt− P1dϕ , p1 = P1dt− P2dϕ , p2 = 0 , (4.29)
we can write the new PM contribution to our connection (4.4) as,
ea → ea + pa , λa → λa + 1
2
pa . (4.30)
Solving equations of motion, the following restrictions on modes are found,
∂tP2 + ∂ϕP1 = 0, ∂ϕP2 + ∂tP1 = 0 , (4.31)
P 21 − P 22 = 0 , T1P1 − T2P2 = 0 . (4.32)
The familiar equation (4.31) just suggests to write P2 =
1
2
(P(x+)− P¯(x−)) and
P1 = −12
(P(x+) + P¯(x−)), while the equation (4.32) necessitates to kill one sector
of the PM modes as well as one sector of the massless ones 3,
P¯(x−) = 0 , L¯(x−) = 0 . (4.33)
The metric (4.16) changes to,
ds2 = ℓ2e2f
[
dρ2 − e2ρdx+dx− + (P(x+)eρ + L(x+)) dx+2] . (4.34)
As a consequence of (4.33), the bar sector of the gauge transformations also
becomes zero, ǫ¯(x−) = 0. BCPGTs in this case can be obtained from (4.17) by,
ρ0 → ρ0 + 1
2
ǫ(x+)P(x+) ,
σ0 → σ0 + 1
4
ǫ(x+)P(x+) ,
ρ1 → ρ1 − 1
2
ǫ(x+)P(x+) .
σ1 → σ1 − 1
4
ǫ(x+)P(x+) . (4.35)
and putting ǫ¯(x−) = 0. These gauge transformations induce the following variations
on fields,
δǫL = ǫL′ + 2ǫ′L − 1
2
ǫ′′′ ,
δǫP = ǫP ′ + 3
2
ǫ′P . (4.36)
3In fact if we relax the last boundary condition in (4.29) (weighted by e−ρ), one can keep both
sectors [14, 15].
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So the presence of the PM mode leads to a chiral half of Virasoro algebra with c = 6 k
and a conformal–dimension–3
2
current. Note that although the boundary PM mode
plays the role of a current w.r.t. the Virasoro generator, it is not part of the ASA.
We can also observe this by looking into the commutators of zero modes of the PM
generator (A.5) with sl(2,R) generators,
[L1, X−] = X2 +D , [L0, X−] = 12X− , [L−1, X−] = 0 . (4.37)
Since in our boundary conditions the PM mode is only coupled to X−, and not to
X2 and D – which is necessary to solve F = 0 equations – the Jacobi identity is not
satisfied.
In the presence of the Weyl factor, f(x+) 6= 0, we are led to the same conclusion
as in (4.28); adding the uˆ(1)k current and shifting the central charge by one.
4.3 Flat boundary conditions and charges
We can also impose flat boundary conditions in the conformal Chern-Simons theory
by restricting ourselves to the ISO(2,1) subgroup of the conformal group (4.2). The
nice feature in this case is the role played by the bilinear form inherited from the
SO(3,2) Killing form. It obviously keeps the theory parity-odd and as we will see
this leads to switching the central term in the algebra (3.20) and introduces a chiral
half of Virasoro [32].
The imposed flat boundary conditions in this case would be essentially the same
as (3.10) for the ISO(2,1) part with the same BCPGTs (3.12) plus additional condi-
tions on other fields,
e0 = ef
[(
1− 1
4
M) dt− 1
2
N dϕ+ 1
2
dr
]
,
e1 = ef
[(
1 + 1
4
M) dt+ 1
2
N dϕ− 1
2
dr
]
,
e2 = ef r dϕ ,
λa = 0 ,
ω0 =
(
1− 1
4
M) dϕ ,
ω1 =
(
1 + 1
4
M) dϕ ,
ω2 = 0 ,
φ = df ,
(4.38)
and
ρ0 = ef
[
2
(
1− 1
4
M) τ − 1
2
rǫ′ + τ ′′ − 1
2
ǫN ] ,
ρ1 = ef
[
2
(
1 + 1
4
M) τ + 1
2
rǫ′ − τ ′′ + 1
2
ǫN ] ,
ρ2 = ef (rǫ− 2τ ′) ,
σa = 0 ,
τ 0 =
(
1− 1
4
M) ǫ+ 1
2
ǫ′′ ,
τ 1 =
(
1 + 1
4
M) ǫ− 1
2
ǫ′′ ,
τ 2 = −ǫ′ ,
γ = Ω .
(4.39)
The spacetime metric is conformal to the flat metric in BMS gauge,
ds2 = −(e0)2 + (e1)2 + (e2)2 = 〈e, e〉
L
= e2f
[Mdu2 − 2dudr + 2N dudϕ+ r2dϕ2] , (4.40)
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where N = L + u
2
M′. The Weyl factor and its variation (like other functions)
depend only on ϕ to guarantee the well-defined variational principle (4.19), gauge
invariance (4.20) and also conservation of the Weyl charge. Different variations of
state dependent variables read as,
δǫL = ǫL′ + 2ǫ′L ,
δǫM = ǫM′ + 2ǫ′M− 2ǫ′′′ ,
δσL = σM′ + 2σ′M− 2σ′′′ ,
δΩf = Ω . (4.41)
The boundary charge in this case can be read from (4.23) using (4.38) and (4.39),
Q =
k
2π
∫
dϕ [1
2
ǫ(ϕ)M(ϕ) + ∂ϕf(ϕ)Ω(ϕ)] . (4.42)
Although the L and M sector of variations in (4.41) are exactly the same as (3.13),
the corresponding charges (3.15) and (4.42) are different; the response functionM(ϕ)
in (4.42) is now coupled to ǫ instead of σ.
Using the identity (2.18) and variations given in (4.41) and writing generators
in terms of Fourier modes as in (3.16), we are led to a centrally extended algebra,
BMS3 ⊕ uˆ(1)k with cL = 12 k and cM = 0 as the asymptotic symmetry algebra.
Such an ASA without Weyl rescaling charges was also found in [32] as a scaling limit
of topologically massive gravity (TMG) result, in metric formulation. Sugawara-
shifting Virasoro generators as in (4.27) leads to the same conclusion as before;
quantum shifting the central charge in one copy of the Virasoro algebra by unity,
cL → cL + 1, and adopting J ’s as uˆ(1)k currents w.r.t. Virasoro generators,
[Ln, Lm] = (n−m)Lm+n + cL + 1
12
n(n2 − 1)δm+n,0 ,
[Ln,Mm] = (n−m)Mm+n ,
[Ln, Jm] = −mJm+n ,
[Jn, Jm] = k n δm+n,0 . (4.43)
The Sugawara-construction analogue of (4.27) in supertranslation generators,M is in
principle also possible. That makes their commutator anomalous, which is intuitively
in contrast with their role as infinite extensions of translation generators.
4.4 Representation of the ASA
Finally let us discuss the representation of the algebra (4.43). Due to the presence
of an additional uˆ(1)k current there are now three quantum numbers associated to
J0, L0 and M0 by which each state is labeled,
L0|h, ξ, q〉 = h|h, ξ, q〉
M0|h, ξ, q〉 = ξ|h, ξ, q〉
J0|h, ξ, q〉 = q|h, ξ, q〉 , (4.44)
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where ξ is the M0 eigenvalue denoted as “rapidity” [33]. We can define the highest
weight state by demanding to be annihilated by all positive modes Jn, Ln and Mn
where n > 0. The action of negative–mode generators on these states create new
descendants. Since we are dealing with flat Minkowski background, the vacuum
of the theory should be iso(2,1) invariant which means h = ξ = 0. On the other
hand, since cM = 0, we can decouple all Mn descendants and reduce the tower of
descendants to the Virasoro’s and the uˆ(1)k current’s [33]. Unitarity requires positive
norms for all states, so already at level one the norm of the state J−1|q〉 gives k > 0.
At level N = 2 there are three states appearing; L−2|q〉, J−2|q〉 and J2−1|q〉. The Kacˇ
determinant is,
K2(q, k) = 2k
2
(
k cL − 4q2
)
= 8k2(3k2 − q2) , (4.45)
where in the last equality we have set cL = 12k. Here we see that the unitarity bound
is shifted to cL = 4q
2/k at which we have one null state at level N = 2. At level
N = 3, there are five states appearing as descendants; L−3|q〉, J−1L−2|q〉, J−3|q〉,
J−1J−2|q〉 and J3−1|q〉. The Kacˇ determinant in this case is,
K3(q, k) = 18k
5(k cL − 4q2)(2k cL − 3q2) , (4.46)
which shows a new null state for cL = 3q
2/2k at level N = 3. If we turn off the Weyl
mode by setting all J ’s to zero these quantities are respectively K¯1 = 0, K¯2 = cL/2
and K¯3 = 2cL. Thus, in the presence of the Weyl charge, the physical Hilbert space
is reducible. This is an example showing how adding bulk gauge symmetries (Weyl
symmetry in this case) leads to removing some of the perturbative states from the
spectrum [34].
Similarly the representation of the ASA in (3.20) and (4.28) can be studied. In
(3.20), where all Weyl charges are zero and cM 6= 0, the Kacˇ determinant at level
N = 2, is proportional to −c2M which shows non-unitarity. In AdS case, (4.28), all
results above apply by changing cL to c.
5. Summary
In this paper we studied different boundary conditions in CS formulation of 3D pure
gravity and conformal gravity. In the pure gravity case, by imposing flat boundary
conditions on the gauge field at the asymptotic null infinity, I +, we recovered the
famous asymptotic BMS3 symmetry algebra, [25]. We also imposed the same set of
boundary conditions in the theory of SO(3,2) CS gauge theory which is known to be
equivalent to 3D conformal gravity [12] and found the ASA. The central charge in
the ASA of this theory appears in the commutator of Virasoro generators opposite to
the pure gravity case where it is in the commutator of supertranslation generators.
This was first shown in [32] as a flat space limit of the ASA of TMG and confirmed
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here by direct computation in conformal gravity. The other difference is the presence
of an additional uˆ(1)k current related to the dilatation gauge transformation and the
quantum shift of the central charge. We also investigated the representation of this
algebra and showed that the presence of the Weyl charge can lead to null boundary
states.
We also considered two other sets of boundary conditions for the conformal
theory. By imposing AdS boundary conditions we confirmed the result in [14, 15],
namely having two copies of Virasoro algebra with an additional uˆ(1)k current as
ASA. Relaxing boundary conditions in favor of partial massless mode kills one half
of Virasoro generators and we end up with one copy of Virasoro and an additional
(PM) current with conformal dimension-3
2
.
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A. Connections in the light-cone gauge
In this appendix we make the connection to the usual light cone representation of
generators which is used in AdS literature. First we present the algebra (4.2) in a
new basis,
[Ja, Jb] = ǫabcJ
c ,
[Ja, Xb] = ǫabcX
c ,
[Xa, Xb] = ΛǫabcJ
c ,
[Xa, D] = Ya ,
[Xa, Yb] = ΛηabD ,
[Ja, Yb] = ǫabcY
c ,
[Ya, Yb] = −ΛǫabcJc,
[Ya, D] = Xa ,
(A.1)
where η = (−,+,+) and ǫ012 = 1. Here we have introduced Λ as an emergent
parameter and,
Xa = Pa − Λ2Ka, Ya = Pa + Λ2Ka . (A.2)
For Λ < 0 we can identify Ja and Ya as generators of so(2,2) subalgebra, Ja, and
Xa as generators of so(3,1) subalgebra of so(3,2) (A.1). So Xa and Ya are playing
the role of translation in dS and AdS spaces respectively. For so(2,2) subalgebra, by
introducing,
JLa =
1
2
(
Ja +
1√−ΛYa
)
, JRa =
1
2
(
Ja − 1√−ΛYa
)
, (A.3)
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we can simply show that this algebra can be written as sl(2,R)L⊕ sl(2,R)R, where
J
l/R
a are generators of sl(2,R)L/R. Introducing L±1 = JR± , L0 = J
R
2 and L¯±1 = J
L
±,
L¯0 = J
L
2 we have,
[Lm, Ln] = (m− n)Lm+n , [L¯m, L¯n] = (m− n)L¯m+n , [Lm, L¯n] = 0 . (A.4)
where m,n = ±10 and J± = J0±J1. In this basis, η+− = −2η22 = −2 and ǫ+−2 = 2.
We can represent the remaining generators, P− 1
2
= 1√−ΛX− and P 12 =
1√−ΛX2 + D
of the full so(3,2) algebra w.r.t. its sl(2,R) subalgebra,
[Ln, Pm] =
(n
2
−m
)
Pm+n . (A.5)
and the same for P¯− 1
2
= 1√−ΛX2 − D and P¯ 12 =
1√−ΛX+.
Using the notation introduced above and considering Λ = −ℓ−2e−2f , we can
translate the most general form of connection (4.4) which was used for AdS boundary
conditions in the light cone coordinate as,
A =
(
L1 dx
+ − L¯−1 dx−
)
eρ +
(
L0 − L¯0
)
dρ AdS background
+
1
2
(
P(x+)P−1
2
dx+ − P¯(x−)P¯1
2
dx−
)
Partial massless modes
− (L(x+)L−1 dx+ − L¯(x−)L¯1 dx−) e−ρ Massless modes
+
(
∂+f(x
+) dx+ + ∂−f¯(x
−) dx−
)
D Weyl modes . (A.6)
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